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48 ~ LAND USE AND LAND VALUE

3. The derivation of R involves summing rent per acre over all acres or integrating over a series
of infinitesimal circular rings or annuluses. Before integrating,

‘ . " .
R= f 27Xy, (p,'— x— z_;)g) dx + f 27Xy, (p2 — X —Z;—W) dx

Xo 1 X1 2

and R in the text results after carrying out the integration operations. Below we maximize R
by differentiating with respect to x; and x, and set the expressions equal to zero.

4, An early statement of this was Mohring (1961). See the extensive discussion in Arnott and
Stiglitz (1979). ' '

_chapter o

‘Nonrenewable Resource Use:

- The Theory of Depletion

INTRODUCTION

Nonrenewable resources include energy supplies— oil, natural gas, uranium and
coal—and nonenergy minerals— copper, nickel, bauxite, and zinc, to name a few.
These resources are formed by geological processes that typically take millions of
years, so we can view these resources for practical purposes as having a fixed stock of -
reserves. That is, there is a finite amount of the mineral in the ground, which once
removed cannot be replaced.! Nonrenewability introduces some new problems and
issues into the analysis of production from the mine or well that do not arise in the
production of reproducible goods such as agricultural crops.

A mine manager must determine not 6nly how to combine variable factor
inputs such as labor and materials with fixed capital as does the farmer, but how
quickly to run down the fixed stock of ore reserves through extraction of the mineral.
A unit of ore extracted today means that less in total is available for tomorrow. Time
plays an essential role in the analysis. Each period is different, because the stock of the
resource remaining is a different size. What we are concerned with in an economic

~ analysis of nonrenewable resources is how quickly the mineral is extracted —what
the flow of production is over time, and when the stock will be exhausted.

In this chapter, we determine the efficient extraction path of the resource — the
amount extracted in each time period. First, we examine the behavior of the individ-
ual mine operator. We then examine how a social planner would exploit the same
deposit. Finally, we develop the extraction profile of a mining industry. In all cases,
we assume that perfect competition prevails in every market. We derive the paths of
mineral output, prices, and rents over time under varying assumptions about the
nature of the mining process. The competitive equilibrium over time is compared to
the socially optimal extraction path.

49
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- Our initial model is very simple and abstracts considerably from reality so that
we can identify and examine basic concepts. The assumptions are gradually relaxed
so that we can deal with increasingly complex but more realistic models. Relaxing the
assumption of perfect competition is done in Chapter 4 and of certainty in Chapter 5.
In examining the mine’s and industry’s extraction decision, we also illustrate the
effects on output and prices over time of changes in particular variables affecting the
mining process. What will be the effect on extraction over time of, for example, a
change in extraction costs, the introduction of setup or capital costs, different quali-
ties of ore, a change in the discount rate, the imposition of taxes?

THE THEORY OF THE MINE

We begin with a simple model of resource extraction from an individual mine which
operates in a perfectly competitive industry. The mine owner will seek to maximize
the present value of profits from mineral extraction in a manner similar to that of a
manager of a plant producing a reproducible good. An output level must be chosen
that maximizes the difference between total revenues—the discounted value of
future extractions q,, g,, ¢, . . . etc., multiplied by price, p, and total cost—the
discounted value of dollars expended in getting each g out of the ground. The
presence of the finite stock of the mineral modifies the usual maximization condi-
tion; marginal revenue (MR) equals marginal cost (MC), in three fundamental ways.
Suppose we compare farming to copper extraction. The owner of the copper mine
faces an opportunity cost not encountered by the farmer. This is the cost of using up
the fixed stock at any point in time, or being left with smaller remainirg reserves. To
maximize profits, the operator must cover this opportunity cost. of depletion. For a
competitive firm manufacturing a reproducible good, the conditions for a profit
maximum are to choose output such that p( = MR) = MC. The nonrenewable re-
source analogue requires p = MC + the opportunity cost of depletion. How then
would the mine owner measure this opportunity cost? It is the value of the unex-
tracted resource, a resource rent related to those discussed in Chapter 2.

The second feature that differentiates nonrenewable resources from reproduc-
ible goods concerns the value of the resource rent over time. Deciding how quickly to
extract a nonrenewable resource is a type of investment problem. Suppose one has a
fixed amount of money to invest in some asset, be it a savings account, an acre of
land, a government bond, or the stock of a nonrenewable resource in the ground.
Which asset is purchased (and held on to over time) depends on the investor’s
expectation of the rate of return on that asset—the increase in its value over time.
The investor obviously wants to purchase the asset with the highest rate of return.
However, in a perfectly competitive environment with no uncertainty, all assets
must, in a market equilibrium, have the same rate of return.

To see how this is so, consider what would happen if the economy had two
assets, one that increased in value 10 percent per year, the other at 20 percent per year.
Assume there is no risk associated with either asset. No one would invest in the asset
earning only 10 percent; everyone would want the asset earning 20 percent. The price
of the high-return asset would then increase, and the price of the low-return asset
would decrease until their rates of return were equalized.

THE THEORY OF THE MINE ' : 59

What exactly is the rate of return to a nonrenewable resource? The rate of return
to the mine is the resource rent— the value of the ore in the ground. When thereisa
positive discount rate, the rent is positive and rises in nominal value as depletion
occurs. If the resource rent did not increase in value over time, no one would
purchase the mine, because the rate of return on alternative assets would be more
valuable. In addition, the owner of an existing deposit would attempt to extract all the

- ore as quickly as is technically feasible. Why should one hold on to ore in the ground
that is increasing in value at a rate less than can be earned on, say, a savings account?
Alternatively, if the value of the ore is growing at a rate in excess of what one could -
earn in an alternative investment, there is no incentive to extract at all. Ore left in the
ground is then more valuable to the mine owner than ore extracted. To have mineral
extraction then, the rental value of the mineral must be growing at the same rate as
that of alternative assets.

There is one final condition imposed o1 the mine owner that does not occur
with reproducible goods. The total amount of the natural resource extracted over
time cannot exceed its total stock of reserves. We call this the stock constraint.

Let us draw these strands together for the first time. Suppose a mine owner hasa
plan of quantities extracted roughly worked out by a rule of thumb. It remains to
make the extraction plan somewhat “tighter.” Should he extract one more ton of ore
in this year’s liftings or leave it for next year’s liftings. If he takes it out this year and
gets $10 profit, he can put that profit (rent) in the bank at, say, 8 percent and have
$10(1.08) = $10.80 next year. If he leaves it in the ground and takes it out next year,

- he foresees that he will get a different price and can reap a profit (rent) of $11. In this
case he will make more money by deferring extraction of the extra ton until next year.
(If he were to get only $10.75 upon extracting next year, it would pay to extract
currently and sell the ore this year.) By doing this calculation repeatedly the mine
owner arrives at the best extraction plan year by year. Let us now examine the .
important features of nonrenewable resource extraction in more detail.

Extraction from a Mine Facing a Constant Price

One of the earliest economic analyses of mineral extraction appeared in 1914 in an
article by L. C. Gray. In Gray’s model, the owner of a small mine has to decide how
much ore to extract and for how long a period of time. To solve this problem, Gray
made a number of simplifying assumptions. First, he assumed that the market price
of a unit of the mineral remained constant (in real terms) over the life of the mine.
The producer knew the exact amount of reserves in the mine (the stock) prior to
extraction. All the ore was of uniform quality. Extractlon costs then depended only on
the quantity removed.

‘We could view Gray’s mine as a gigantic blgck of pure copper. Price per ton is
constant forever, while the marginal cost of cutting off a piece of copper rises with the
size of the piece cut off. If 1 ton of copper is cut off, it will cost $500 to remove. If 10
tons are cut off at once, the extraction costs could be $10,000. The economic problem
is to cut off appropriate quantities in each period in order to maximize the present
value of profits available from the stock of the mineral. The model has practical
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appeal, because in many mmeral markets we do observe relatively constant prices
over long periods of time. .

To determine the efficient extraction path for the mine, we start with a simple
illustration. Suppose the mine will operate for two periods only. The mine owner
must determine how much copper to chop off the block today and tomorrow, using
the three conditions identified earlier.2 For the two-period case, these conditions can
be stated as:

1. Price = MC + rent in each period (in present value).
2. Rent today = the present value of rent tomorrow.
3. Extraction today + extraction tomorrow = total stock of reserves.

The solution is shown in Figure 3.1. Assume that the mine has a U-shaped

. average cost curve (AC) and an upward-slopmg marginal cost curve (MC) over some

output range.? The constant price is shown as p. Output today is designated g(0),

output tomorrow is g(T’), where T signifies the end of the mining operation — the -

length of time the mine operates (in this case, two periods). Given these curves and
the total stock of ore; there will be a unique solution to the extraction problem that
satisfies all three conditions.

mc

B2y

0 q(T) q(2) q(O) q(l)
q(1)

Figure 3.1 Mineral extraction in two periods when there is a constant prlce The mine
operator extracts the amount q(O) today and g(T) tomorrow. The sum of g(0) plus g(T)
completely exhausts the mine’s reserves. Rents are R(0) today and R(T) tomorrow,
where it must be the case that [R(0))(1 + 1) = R(T), where r is the interest rate on
alternative assets. Output levels (1) and g(2) illustrate a plan that is not feasible
because q(1) + g(2) exceeds the total stock of reserves. .

THE THEORY OF THE MINE ' _ 53

The mine owner must pick an initial output level where p = MC + rent. The
resource rent obtained at the output lével g(0) is R(0). This is condition 1. Notice that
condition 1 defines rent as the difference between price and marginal cost. In the next
period, extraction must equal g(7") and the rent will be R(T"). It must be the case that
R(0) = R(T)/(1 + r), where ris the “market” interest rate or discount rate, the rate of
return on any alternative asset.* This is condition 2. If rents did not rise at the rate of

" interest, extraction would not occur in both periods. If rent rose more slowly than the

interest rate, the entire stock of ore would be extracted in the initial period and the
proceeds of the sale invested in some other assets whose value would rise at the rate of
interest (e.g., a savings account). If rent rose faster than the rate of interest, the entire
stock of ore would be held in the ground until the last moment in time and then
extracted. In this case, the mine is worth more unextracted because the rate of return
on holding ore in the ground exceeds the return on alternative investments. Unless
the rental value of the mine is growing at exactly the same rate as the value of other
assets, extraction will either be as fast as possible or deferred as long as possible.
Finally, output today and tomorrow must be chosen such that g(0) + g(T) =S

where S is the stock of mineral reserves. This is condition 3. For a given S, 7, and p,
there will be only one level of initial output and hence final output that satisfies all
these conditions.

To see that ¢(0) is unique, conmder a case where the mine owner selects an
initial output level greater than g(0), say g(1). The rent will then be R(1) which is less
than R(0). Output in the second period must then be such that R(1) = R(2)/(1 + r).
This occurs at output g(2). The mine owner will then have satisfied two of the three
conditions (1 and 2), but notice that condition 3 is violated. The sum of g(1) + ¢(2)
must exceed S because they are both larger than previous outputs chosen. This
extraction plan simply is not possible. The owner cannot extract more ore than exists
in the mine. Suppose the sum of g(0) + ¢g(7) is less than S. Then the manager has ore
remaining in the ground after extraction ceases, and revenue will be lost on the
unextracted ore. A slightly higher extraction rate would yield additional profits.

This example can easily be extended to many periods of operation, but the same
three conditions must be met. In addition, we can also tell when the mine will cease
operation — how long T'is. Refer again to Figure 3.1. It is not a coincidence that ¢(T")
is at the point where MC = AC. This point is called a terminal condition for the
nonrenewable resource extraction problem. It has a clear economic interpretation.
Consider any output level to the right or left of this point. If output in the final period
isto the right of g(7"), the last unit of the mineral extracted will yield a marginal rent of
p — C'[q(T)}where C’[q(T)]is marginal cost at g(T"). Each ton of the mineral mined

in the last period will contribute an average rent of

pg(T) — Cl(g(T))
q(T)

or p — AC. By inspection, we can see that the average rent exceeds the marginal rent.
It would therefore increase the present value of profits (rents) if the mine manager
moved more tons of ore from the last period into the first period. Similarly, if.
marginal rent is greater than average rent at the last period (MC < AC), rents would
be increased by moving ore in to the last period and out of the first period. Therefore,
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the optimal extraction plan must have the number of tons in the last period such that
average rent is equal to marginal rent; that is,

pa(T) — C(q(T))
a(T)

In terms of Figure 3.1, average and marginal costs are equal at g(7"), and g(T') is
also that output which combined with g(0) exhausts the mine. In the many-period
case, the time to depletion will be such that all three extraction conditions are
satisfied, plus the terminal condition. This will determine a unique 7. Table 3.1
provides a numerical example of the efficient extraction path in a many-period
situation. Price is constant at $10, and marginal cost rises at a 45-degree line from

!

=p—C'(¢(T))

MC =1 when quantity extracted in zero. In this example, 14.8 tons are extracted:

over seven periods, with quantity declining toward the final period of extraction:

q(0) = 3.9197, q(1) = 3.4117, q(2) =2.853, . . . . Between consecutive periods

(p — me)(1 + r)=p — mc where r= 0.1, a 10 percent rate of interest. This is our
condition that rent rises at the rate of interest. In the last period p—mc=p—ac,
which is the condition for extracting the optimal amount in the last period (the
terminal condition). Total profits evaluated in present value in period 0 are

$94.4604.

Profit Maximization for the Mine’

Profit maximization involves making revenues large in relation to costs of produc-
tion. There is a series of revenues minus costs each year or period into the future. Each
instant in time is slightly different, since depletion of the stock is occurring year by
year. Discounting with the current interest rate makes each annual profit value
comparable to others at the date at the beginning of extraction. In the absence of
discounting, recall that profit in year 8 in the future would be not comparable with
profit in year 11. Each nominal value is different at any one point in time in the
absence of discounting,

The conditions discussed for the mine facing a constant price will also hold in

- this more general model. For the mine owner, total discounted profits (the present

value of profits) are ‘
"= 40~ CaO)+ 2 - a)~ a0l ()

2
+12- 00~ e (135)

T
+oe et - o) = A (13) @D

Equation 3.1 is what the mine owner wants to maximize subject to the stock con-
straint which requires that ‘

qgO0)+qg(l)+- - -+q(T)=<S ‘ (3.2)

T NS

-

Table 3.1 EXTRACTION FROM A MINE*

b —ack (p(: :;)q

ac

Pq.

mc

p—mc

. 4.364410719

8.768496134
13.25229695
17.85657103
22.62317877
94.46040533

27.59545173
* A stock of 14.8 tons is éxtracted over seven periods in order to maximize the present value of profit (which ends up at $94.46). Price is constant at $10 and marginal extractions

7.028927107
12.83795519
17.63880724
21.60645095
24.88549665
27.59545173

1.409091

1.7809918
2.1190835
2.4264395
2.7058541
2.9598673

8.18182
15.619835
22.38167
28.528789

. 34.117081
39.197346

.818182
-1.5619835
2.238167
2.8528789
3.4117081

3.9197346
14.802654

1.818182
2.5619835
3.238167
3.8528789
4.4117081
4.9197346

8.181818
7.4380165
6.761833
6.1471211
5.5882919
5.0802654

TN —~O

10, mc=1+g,ac=1+0.5g, S = 14.802654.

costs are linear and increasing. We solve by working back from period 6 to period 0. (Parameters: r= 0.1, p
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Equation (3.2) says that the} sum of the quantities of ore extracted must not exceed the
total stock of reserves available. The symbols used in Equations (3.1) and (3.2)are
defined as follows:

)/ is-the constant price per ton for the mineral

g(¢)  is the quantity extracted in time ¢ ‘

Cla() @s tl}e total cost of extracting g(¢) tons of the mineral : ’

t indicates the time period. Today is time 0, the next period istime 1, and so on
One can think of these periods as years ' ’ .

ro @s the discount or interest rate, which is assumed to remain conétant overtime.
T is the number of periods over which the mine will be operated
S is the total stock of mineral reserves . S

All variables are interpreted in real (constant dollar) terms.

i Maximizing this profit stream subject to the stock constraint on total output
yields ' '

p—c'(q0) =k
1
(m) [p—c'(g(1))] =k

1 T
(m) [p—c'(@T)] =k ' (3.3)

where ¢’ means dC/dgand kis a constant dependent on the stock size S (kis called the
shadow price of a unit of stock). The principle in action here is that the discounted
value of the marginal ton taken out in any period must be the same for an extraction
program to be profit-maximizing. If this were not the case, the mine operator could
increase the return to the mine by shifting production to where the marginal ton earns
a h1gher d}scounted value. p — ¢’(g(t)) is the value of the marginal or last ton taken
out in period ¢ (1/1 + r)[p — c¢’(q(?))] is its discounted value. '
" For adjacent periods in time we have

1 ¢ t+1
(1 - ,) [0 — ¢'(@e)) = (ﬁr—) [p— ¢'(at+ D)]
or ' ’

[p—c'(gt+ )] = [p—c'(q@)] _
[p — c’(q(t))] B

which says that the percentage change in p — ¢’ between periods must equal the rate

(3.4)

‘of interest. p — ¢’ is the rent on the marginal ton extracted. So we have the basic = -

efficiency condition: The percentage change in rent ac ]

: : YOSS per

cHhiciens | ge in periods equals the rate of
) T!le tqrmmal condition requires that the quantities chosen are those which

maximize discounted total profits so that the average profit in the last period equals

the marginal profit on the last ton extracted. This tells us how to terminate the
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sequence g(1), ¢(2), 4(3). This condition combined with the stock constraint makes
sure that the sum of the gs equals the origin_al stock. These two conditions are

pg(T)—Cg(T) _ |
) =p—c'[q(T)] B (3.5)
and C d) @+ - aT) =S (3.6)

These two conditions, in addition to the percentage change in rent condition, yield
the profit-maximizing number of periods over which to exhaust the given stock.
Now we turn to mines with an ore quality which declines as extraction moves
deeper into the mineral material. We are going to associate costs of extraction and
processing with each unrefined ton, not with a “patch” of homogeneous stock as we
did above. We no longer have a large homogeneous block of copper to cut away at.

4
[y

Quality Variation Within the Mine

In the previous section, it was assumed that the cost of extraction rose only if more
units of ore were extracted at any one time. Suppose now that the oreisnota chunk of
pure copper as before, but consists of metal and waste rock. The metal is distributed
throughout the waste rock in seams of varying thickness. The mine owner would like
to extract from the thickest seams first, where the ratio of metal to waste rock is the
highest. Suppose the deposit is laid down with richest seams on top. As the ore body is
mined, the thicker seams are depleted and more waste rock must be removed to get at
increasingly thinner seams. Mining costs rise per unit of metal produced simply
because the metal content of the ore diminishes while the rock content increases. This
means that the marginal cost of extracting and processing each ton of ore is different.

Extraction costs per ton shift up (increase) as subsequent amounts of ore are
extracted. The flow condition for efficient extraction of the mineral (conditions 1 and
2, or Equation 3.4) is unchanged, but now holds for a single ton of ore of a specific

~ quality (seam thickness). The mine owner can no longer slide down the marginal cost

curve by extracting smaller amounts of ore over time to satisfy the conditions for
efficient extraction because the marginal cost of extraction increases (shifts up) for
each incremental ton of ore processed. To see what happens to the extraction path in
this case, we turn to Figure 3.2. o

- The mine represented in Figure 3.2 illustrates a case where ore quality is con-
tinuously decreasing, and we are examining extraction over two periods of time.
There are thus two curves of extraction cost per ton, one for period ¢ and another for

. period (¢ + 1), where the curve for (¢ + 1) lies everywhere above that for period £,

indicating that it will cost more to extract and process additional units of ore over
time. The mine owner must determine how much ore to extract in periods ¢ and
(¢ +1) by following the flow condition. The quantity extracted in ¢ must be chosen
such that the rent on the last ton in the period will be exactly equal to the rent that ton
could obtain if extracted in the next period, discounted by (1 + 7). Or, in terms of
Figure 3.2, the rent on the marginal ton in the first panel of the figure is the amount ab
if output is chosen at g(f) and the price is p(¢). If the mine owner is to be indifferent
between extracting the marginal ton in period ¢ or in period (¢ + 1), it must be the case
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Figure 3.2  Quantity q(t) in period t is set so that distance ab equals distance cd divided by 1 +r. The
marginal ton in period t gets rent ab and would get rent cd if it were extracted in period t + 1. :

that the rent in (¢ + 1) is equal to cd, where cd = ab(1 + r). The marginal ton in
period ¢ is, we emphasize, the “least marginal” ton in period (¢ + 1) because now
every ton is of a different quality or has a different extraction and processing cost.
This is what is illustrated by the higher marginal cost curve in the second panel of
Figure 3.2. '

The important implication of this analysis is that the market price must rise
over time if extraction of lower-quality, higher-cost ore is to occur. If the mineral
price does not rise to p(z + 1) in the period (¢ + 1), no extraction will occur in that
period. Extraction will end with p(¢) equal to the extraction cost on the last ton taken
out in period ¢. This possibility gives rise to another important distinction about the

“end of the mining operation. In the case of uniform ore quality, we argued that.
mining would cease when all the ore was removed. We can call this physical depletion

or exhaustion.

Suppose, however, that the ore is not of uniform quality and the costs of
extracting additional units rise, as Figure 3.2 shows. If the market price does not rise
sufficiently to ensure that extraction proceeds from one period to another, the mine

- will shut down. Ifin period (¢ + 1) the price is constant at p(¢), ore will be extracted to

the point that p(¢) equals extraction cost. The mine is then said to have economic
depletion in period ¢. It simply does not pay-the mine owner to extract any ore beyond

_the quality indicated at ¢(¢), given the extraction cost curves and the price p(7). A

higher rate of return can be earned by taking the rent, ab, and investing it in an
alternative asset which earns the market interest rate of r percent per year.

In a many-period model, the length of the extraction period will be determined
by the time path of prices. For two prices in any consecutive periods, there will be only
one value of cost per ton and hence output that satisfies the flow condition. The
optimal life of the mine, the length of time to depletion (whether economic or
physical), will then be determined by linking together quantities over subsequent
periods until the flow condition no longer is satisfied, or the mine runs out of ore.
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Mines frequéntly have valuable by-products. The mining of nickel in Canada
yields profitable amounts of gold and platinum. It is straightforward to amend our
model of the mine to incorporate this situation. Valuable rock, S,, is defined such
that for each scoop of size Q, there is K(Q) of nickel and G(Q) of gold. We continue to
suppose that costs rise with the amount of rock, O, processed. For py the net revenue
for nickel, and pg; for gold, we get a revised pricing rule for optimal extraction:

RN .dK dG - dC
( 1+ r) (p K do() +De m - m) = constant for all ¢

Now a weighted sum of prices net of costs increases at the rate of interest for the mine
owner to be maximizing the discounted present value of profit: dC/dQ(t) is the
marginal cost of hoisting quantity Q(¢).

We have seen that when quahty vanatlon is introduced in either of two forms
above that a simple rule such as “‘rent rising at ‘the rate of interest” must be amended
in an essential way. In other words, simple formulas are inadequate for characterizing
real world extraction programs. Finally, note that because Gray’s model s for a single
firm, there is no discussion of the resource market and how (or if ) mineral prices will
rise to satisfy the flow condition and allow production to occur over time. To exam-
ine this important issue, we now turn to a model of a mineral industry. :
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~ The Hotelling Model

In 1931, Harold Hotelling wrote a classic paper which examined the optimal extrac-
tion of a nonrenewable resource from the viewpoint of a social planning agency that
had as its goal the maximization of social welfare from the production of minerals.
The model was at the industry level rather than that of the single mine. Both Gray and
Hotelling arrived at the same condition for the efficient extraction of a mineral —
namely, that the present value of a unit of a homogeneous but finite stock of the -
mineral must be identical regardless of when it is extracted. This principle reflects
conditions 1 and 2, which we call the flow condition. Together with the stock con-
straint and terminal condition, the optimal extraction plan for the nonrenewable
resource can be determined at the industry level as well as for the single mine.

Hotelling viewed the problem of how to extract a fixed stock of a natural
resource from the vantage point of a government social planning agency. He then
showed that a competitive industry facing the same extraction costs and demand
curve as the government, and having perfect information about resource prices, will
arrive at exactly the same extraction path for the mineral.® The efficient extraction
path determined by each firm acting independently in the competitive industry will
yield the socially optimal extraction path. We first examine the planner’s solution,
and then show why it is achieved in a competitive industry. As before, a number of
simplifying assumptions are made and then gradually modified to illustrate cases
with practical relevance.

When we deal with an industry rather than a smgle mine, the mineral pricecan
no longer be treated as a constant. Rather, it is assumed that the industry faces a .
negatively-sloped demand curve. The greater the industry output, the lower the price
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will have to be if we are to have an equilibrium in any mineral market at any given
point in time. Hotelling assumed that prices would adjust so that a mineral market
would be in equilibrium at every point in time; supply must always equal demand.’
We can think of the Hotelling model as examining world production of oil, nickel,
copper, or some.other mineral. As before, the stock of mineral reserves is of known
size, and all units of the mineral are homogeneous. We assume a unit of the stock
costs ¢ dollars to extract and refine and that this cost is constant for all units of the

stock in the reserve endowment, S. Once again, it is as if we had a huge block of

-copper that cost $c per ton to chip off. We want 10 find the rate of extraction that
- maximizes social welfare and completely exhausts the stock. (If ¢ = 0, the analysis is

qualitatively unchanged. If c increases with the quantity extracted, we are back with
Gray’s cost assumption, which is an unnecessary minor complication at this point.

See question 4 at the end of the chapter.) ‘
The problem is to maximize society’s wealth (W) or net return from mineral

extraction, which is defined as

. N\ . 2
W= B(q(0)) + Ba(1)) (T}r—r) + B(a(2)) (—;ﬁ;—r)
] !

4+ BT (’1‘17) ' ' 3.7)

Again, there is the resource stock constraint which requires that

q(0) +g(1) + a2 + Lot gM)=S (3.8)

B(q(?)) is the consumer plus producer surplus obtained in period ¢ from the extraction
-of output, g(t). This social surplus is simply the area under the demand curve up to
quantity g(?) and above the constant cOsts of extracting q(). :

This problem can be solved in a manner analogousto that presented previously.
Asbefore, the solution requires that the flow condition, terminal condition, and stock
constraint be met. The crucial distinction between Hotelling’s model and Gray’s.is
that we must examine the demand curve explicitly and derive a unique price for the
resource in each. pe_riod the mineral industry operates. In addition, we can make the
stronger statement about the socially optimal as opposed to just the mine’s efficient
extraction path. We now derive the solution to the maximization of Equation (3.7)
subject to the stock constraint, Equation (3.8), for a linear demand curve.

In maximizing social welfare, the planner must decide what the net benefits are
of extracting some of the mineral today as opposed to tomorrow. Therefore, the
planner will want to measure the change in the social surplus as one more unit of the
mineral is produced today. Consider Figure 3.3. The social surplus for the last unit
extracted is simply the difference between the market price and the marginal cost of
extraction, c. If g(t) is extrac ted in period , society gains the amount for the g(#)th

unit extracted and the amount under the demand curve and above ¢ for all previous
orinframarginal units extracted. How much will the planner choose to extractineach
period? ; : o ,
As before, the flow condition provides an answer. To maximize social welfare, it

must be the case that the net benefit to-society from the last unit extracted in each
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Table 3.2 AN INDUSTRY EXTRACTION EXAMPLE*

t Pt —c p) ay . (p-okq “""+’)."‘"
-6 9 10 0 0 0
5 8.181818 - 9.181818 818182 6.6942162 4.1565816
4 7.4380165 8.4380165 1.5619835 11.618059 7.9352906
-3 6.761833 . - 7.761833 2.2388167 15.134111 11.370482
Y 2 6.1471211 -7.1471211 2.8528789 17.536992 14.493382
" 1 5.5882919 6.5882919 3.4117081 19.065621 17.332382
0 5.0802654 6.0802654 3.9197346 19.913292 ' 19.913292
14.802654 ) 75.20141

* A stock of 14.8 tons is extracted over seven periods resulting in the maximization of the present value of net
consumer surplus. Extraction cost per ton is constant at $1 and the industry demand curve is linear. We solve by working
back from period 6 to period 0. (Parameters: r=1,c=1,g= 10— D, S=14.802654.) :

+

axis at p = 10, when g = 0. This valug p = 10 is the choke price. Over seven periods,
14.803 tons are extracted. Total profiz evaluated at period 0 in present value terms is
$75.20. (We have not illustrated that in period 6; p(6) — ¢ = [B(q(6)) — cq (6)1q(6),
or marginal welfare from extracting q(6) equals average welfare. This is slightly
tricky, since ¢(6) = 0 in order to satisfy this basic end point condition.)

Exhaustibility and Welfare: Demand Curves and Backstop Technology

What would happen if the world were to run out of oil or any nonrenewable resource
one day? What does the Hotelling model tell us about this occurrence? The impact of
complete exhaustion on society depends on the technology of producing and using
resources in production and can be reflected in the demand curve for the resource. A
crucial question is whether substitutes for the resource exist or whether the resource is
$0 necessary to the production process of other goods that once it is depleted the other
goods will also cease to be produced. Our model with the linear demand curve and
choke price says that a substitute exists. The choke price is that price at which the
users of the good will switch entirely to the use of the substitute good. This substitute
may be another nonrenewable resource such as oil shale as a substitute for conven-
tional crude oil, or it may be a reproducible good such as solar energy.? If the
substitute exists, society and economic systems will not collapse when the oil runs
out; they will shift to the substitute commodity. o
What if there is no substitute for the depletable resource? In this situation, as the
available quantities of the resource dwindle, prices would begin to rise very quickly.
We can characterize this with a nonlinear demand curve, say an isoelastic curve, that
does not have a positive intercept® (see Figure 3.5). We will not have to worry about
running out of the resource in this case, because we never will in finite time. From
society’s viewpoint, however, this is not a very desirable situation because what it
suggests is that as the resource quantity extracted gets smaller and smaller, its price
will rise to higher levels. We can think of extracting oil by the bucket, then the cup,
and finally by teaspoons and eyedroppers while the price climbs continuously toward
infinity. This is asymptotic depletion. (4symptotic means that two lines approach
- each other more and more closely as time passes but never touch.) This can happenin
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All demands below $Z are satisfied by flows from the nonrenewable resource
stock and those at $Z are supplied by the backstop technology. One can think of the
demand curve in Figure 3.6 as one for energy, derived from conventional oil wells.
The backstop is energy from fusion or solar power (two possible substitute goods).
For a planner controlling both sources of supply-—the exhaustible stock and the

- backstop technology —the optimal program will be to consider $Z as the choke price
for conventional oil and to arrange to exhaust this oil in the Hotelling fashion, as set
out in the previous section. At the moment of exhaustion, price will have risen to $Z

‘per ton and the backstop technology brought on line.!!

A Model of a Competitive Nonrenewable Resource Industry

We have argued that the socially optimal extraction path would be obtained if a
planner organized production in the industry. Would a decentralized, competitive
industry replicate the socially optimal program of extraction? Suppose there were a
large number of mines or oil wells, each owned by a different person. If none of the
owners coordinated their actions, we would have what is called a decentralized
competitive setting. Each owner would be faced with this decision: Should I mine and
sell a ton of ore this period and earn p(¢) — cdollars of profit, or should I wait until the
next period and extract, sell, and receive p(¢ + 1) — ¢ dollars of profit for the ton? If
the prices p(f) and p(t + 1) were such that Equation (3.9) was satisfied —that is,
p(t) —c=(p(t+ 1) —c)/(1+r), each owner would be indifferent between selling
this period or next. Since all owners and deposits are identical (there are no quality
differences among mines), all are indifferent.

If there was a general tendency to wait until next period by sellers, current
output would fall and the current price would rise. Sellers would then find it profit-
able to sell now and put their rents (or profits) into an asset earning r percent. If there
was a tendency to sell a lot of ore in the period, however, the current price would fall,
and mine operators would be reluctant to sell until future periods. Therefore, the flow
condition will be met by each firm seeking to maximize profits to ensure extraction in
each period, and the market forces of supply and demand will ensure that the
condition is met. - . :

Will a competitive industry which is on an equilibrium path also satisfy the
optimal terminal condition? To show that it does, we assume that the extraction and
price paths were not optimal then argue that this cannot happen in the context of our
model. If the price path were not the optimal path, there would be a jump in the rent
up or down at the transition to the backstop technology. Consider Figure 3.7. Extrac-
tion commences at ¢ = 0 with an initial price of p(0). The rent in the first period,
R(0) = p(0) — ¢, grows at rate r until the resource is exhausted at time 7. But notice
that at 7, the market price of the resource appears to have risen above p. This cannot
occur, because with the backstop technology, no consumer will pay more than p for
the resource. It therefore means that the resource will be economically depleted at
time T’ which is less than 7. ‘

But this cannot be a plan that maximizes profits, because ore will be left in the
ground that could have been extracted. If all firms know that this price path is
emerging, they will alter their extraction plans to shift production to the present. The
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deficient relative to person j’s, j could make a profit by signing a contract to buy or sell
. from i in the future at specific conditions. The informational deficiencies will be
competed away by the forces of profit maximization and free entry into the industry.
We now consider some modifications of the basic model, but still assume that all

participants act with perfect foresight. (Imperfect information is considered in
Chapter 5.)

EXTENSIONS OF THE INDUSTRY MODEL
Changes in Extraction Paths Under Altered Conditions

We will show how the price and extraction paths of a competitive industry are
affected by: (1) a rise in the constant costs of extraction; (2) an increase in the interest
(discount) rate; and (3) the introduction of taxes. In each case, we compare equilib-
rium paths under two different assumptions. Diagrammatic techniques will be used
to derive the results. . :

An Increase in Extraction Costs

In Figure 3.8, we examine the case where the costs of extraction, while still constant,
are higher than initially assumed. How will these higher costs affect the extraction
and price paths? In this and all subsequent cases, we look at the effects as if no
extraction had yet occurred. We could modify the results if the cost (or other parame-
ter) change occurred at some time after the mine had begun to operate. In these.
situations, it will matter whether the mine owner anticipated the changes or not (see

S|

$ per ton

PO F-—-
p(O) |-———

]
C’ i} 1€ !

c

Nb———

Time
\

Figure 3.8 The comparative statics of an increase in extraction costs —the
effect on the price path. If costs of extraction increase from ¢ to ¢’, the mining
industry will respond by reducing output in the initial period so that the re- i
source price rises from p(0) to p’(0). Production is then increased again in later
periods. A higher extraction cost will lengthen the time to depletion.
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discussion question 7). Suppose the initial situation is an industry facing constant
costs of ¢ and a choke price of p (see Figure 3.8). The price path that satisfies the flow
and terminal conditions along with the stock constraint is aa’. Now, what would
happen if costs were ¢’ rather than ¢, where ¢’ > 7 If the industry tried to follow the

pathaa’, it would not be maximizing profits. Along the path aa’, rent will grow faster

‘than rate r when costs equal ¢’. Each mine owner then decreases current output
. (because rents in the ground exceed returns from extraction), the industry supply

declines, and the initial price, Do, Tises to p, in Figure 3.8.

What happens to extraction over time? If mine owners produced less output in
every period when costs aré ¢’ rather than c, the price path would look like df. In this
situation, the choke price pis reached when there is still ore remaining in the ground.
This cannot be an optimal plan because the terminal condition is not met. What it
means is that at some point in the extraction path, mines must begin to increase their
rate of production, which will cause the market price to rise less rapidly than when
costs were c. This will ensure that physical depletion occurs at p. Thus, the path dd’
results. It is important to notice that the increase in costs resultsin a lengthening of the
time to depletion. The backstop is reached at T’, which exceeds T. o

There is an economically intuitive explanation for the effect on the extraction
and hence the price path when costs change. If the cost of extraction is higher, in
present value terms it will benefit each firm to postpone extraction. If firms postpone

incurring the costs, the rents will be larger than if the same path as aa’ is followed.

~ Production is reduced in the early periods and increased in later periods. The present

value of the mine has fallen due to the increase in costs, but the stock of ore is still
physically depleted and the terminal condition is met. '

A Rise in Interest Rates

Suppose that the rate of return on investing in assets alternative to mineral extraction
rises. What will be the response of the mining firms? In Figure 3.9, suppose the price
path prior to the increase in the interest rate is aa’. If the mine operators continued to
follow this path, the mines would be earning a lower rate of return over time than
available elsewhere. The way t0 avoid this loss is to shift production to the present.
The mine owners will extract more ore in the initial period, thus driving down the
market price to, say, p’(0). ' . v
Thereafter, less ore will be extracted so that the rate of return on the remaining
ore rises at the now higher interest rate. This means, however, that the time to
depletion must fall. The extraction path dd” will start from a lower initial price than
did aa’ and will rise more steeply so that it hits the choke price at T’, which islessthan
T. Any other path would not maximize the profits of the mines, given the new interest

rate.

The Introduction of Taxes

Suppose the government decided to impose various taxes on the mining industry.
What would be their effect on the extraction and price paths, and the time to deple-
tion? We consider two types of taxes: a tax on the mineral rent, the difference between

Y
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" Now let us examine the effect of the imposition of aroyalty on the total value of
mineral extraction. The government now taxes the total revenues of each mining
firm at, say, rate y. The introduction of the royalty has an effect analogousto a risein
the cost of extraction. If the firm postpones the extraction of some ore to the future, it
can then reduce the effect of the royalty on the present value of its rents. To see this,
we rewrite Equation (3.11) to obtain the flow condition after the royalty.

(1 = p) = ¢ = (1 = NPO) — A T (3.12)

Notice that there is no way we can cancel the term (1 — y) from both sides of
Equation (3.12). The royalty reduces the price received by the firm for each unit of
mineral sold and thus, the present value of the mine. If sales are postponed, the effect
of this reduction will be minimized because of the discount factor. The resultisa time
path of extraction similar to that shown in Figure 3.8; the initial output will fall, and
price will rise. Later in time, extraction will rise again, and price will rise less quickly
than in the case without a mineral royalty. Again, the time to depletion of the fixed
stock is lengthened. The size of this effect depends on the magnitude of costs. If
extraction cost is very small, the distorting effects of the royalty are relatively small.

‘Numerous other comparative static exercises can be done (see discussion prob-
lem 8). These exercises will help in understanding the model of the industry and also
enable the reader to try applications of the model to some real-world events, such as
the introduction of new energy taxes, a fall in the cost of producing oil from oil shale
deposits, and so on. We now turn to some further extensions of the industry model
that make it more compatible with real-world observations.

Declining Quality of the Stock

Suppose the mineral industry finds its stock of ore declining in quality. Deposits of
poorer quality must be brought on stream as the high-quality reserves are exhausted.
As in the case of the single mine, quality decline can be viewed as requiring the
removal of more waste rock per unit of ore extracted to get at the thinner seams of

metal. Thus the average cost of producing metal increases as more of the mineral is

extracted. If each ton has a specific extraction and processing cost associated with it,
and these costs rise as more mineral is extracted, the flow condition of Equation (3.9)
remains the same, but its interpretation is modified.

For a specific ton of the mineral, the flow condition requires the rent on that ton
in period ¢ to be equal to the discounted rent on that same ton if it were extracted in
period (¢ + 1). In period ¢, this ton will be the marginal ton extracted, whereas in
period (¢ + 1) it will be the most inframarginal ton extracted. We illustrate the effects

‘on the industry in Figure 3.10.

In Figure 3.10, the rent on the marginal ton in period ¢ is ab. This same ton

would obtain the rent of ge in period ¢ + 1. Distance ge must be equal to the amount
ab(1 + p), if the owner of the marginal ton is to be indifferent between extracting in
period ¢ or period (¢ + 1). All owners of ore inframarginal to the marginal ton earning

ab at ¢ will extract their ore at that point simply because their rent in period ¢ exceeds
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Deposits of Distinct and Differing Quality

Now we examine the case where each deposit has ore of a uniform qqality, but fhﬁ“el.rs
in quality from other deposits. What is an optimal plan for exploitat}on of ore in this
case? We can treat ore quality as signifying different costs of extraction ar}d process-
ing. These costs of extraction could be due to ore grade and seam thlckpess, as
discussed earlier, or simply to the fact that deposits are located at different d}stances
from a central market. Transportation costs give the deposits a distinct “quality”’; the
metal is still of uniform quality. , s -

Consider an example of two deposits of different quality within a competitive
industry. Each deposit is within itself of uniform quality. Deppsit 1 has. extraction
costs of ¢, and an initial stock of reserves equal to S| tons. Dep9s1t 2 ha}s unit costs of ¢,
and reserves equal to S,. As long as the demand curve remains s'?atlo_nary, only the
low-cost deposit will be exploited initially. Why? Suppose dep051.t 1 is the low-cpst
deposit. Its extraction costs are shown in Figure 3.11 as ¢, . Extraction fron} deposit 1
commences at T, where the initial rent earned is the amount ab. Deposit 2 clearly
cannot come on stream at T, because at price p; , it will incur a substantial loss. Its
extraction costs of ¢, greatly exceed the initial price.

How is this initial price set? Why isn’t the initial price high enough to allow bgth
deposits to opérate? One way to see why the initial price is }ess than the extraction
costs of the high-cost deposit is to work backward from the time when both defpos_1§s
are exhausted — that is, we use the terminal condition. As long as the choke price p1s
greater than ¢,, we know that physical exhaustion must occur. At T, q(]j) = .0. The
rent at T would be equal to p — ¢, for deposit 1 and p— ¢, for deposit 2 if both
extracted their last ton of ore at this point. Deposit 1’s rent greatly exceeds that of
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i it i haustion, the
Figure 3.11 The low-cost deposit is extracted between T, and T,..Upon ex ,
se%ond deposit is worked until itis exhausted at time T. g is the cost of the backstop. Rents
rise over each phase at the rate Qf interest. :
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deposit 2. Can we then arrange extraction in each period prior to 7 so that the flow

~ condition is met for each deposit? The answer is “no” if each deposit operates

simultaneously and “yes” if they operate sequentially.

"~ Consider simultanéous extraction. The price in each period must be the same
for each deposit if both are to sell any metal. There is then no way that the flow
condition can be met for both firms. Working backward from 7, the discounted rent

* cannot simultaneously be the same for each deposit with different extraction costs

and the same market price. In particular, if a path such as a’c is followed, rents to
deposit 1 will not be falling fast enough from 7. Only deposit 2 can then extract and

satisfy the flow condition. , '

- If there is sequential extraction, then for each deposit both the flow condition
and terminal condition will be met, along with physical exhaustion. Working back-
ward from T where the choke price is reached, deposit 2 will be extracted over the
interval T, to 7. T'is defined by the choke price; T is defined by the initial rent deposit
2 can earn to satisfy the flow condition for each period and exhaust at 7. The initial
rent for deposit 2, the amount ¢d, will be that which compounded at rate 7 yields the
terminal rent a’d’ as the ore body is depleted. T, is also the time when deposit 1
physically exhausts its reserves. ; .

It will not pay the owners of deposit 1 to extract once the price has reached p,, .
because they know that then deposit 2 can begin extraction. If both 1 and 2 were to
extract simultaneously, the market price would not rise fast enough to allow 1 to
satisfy the flow condition, as noted earlier. T, thus marks deposit 1’s terminal time
and p, its choke price. For deposit 1, the initial price, p,, is what results from the
output level chosen to obtain rent ab. Rent ab is that amount which compounded at
rate r allows deposit 1 to exhaust its reserves as it reaches p, . The scalloped price path
shown in Figure 3.11 is the result. «

~ We know that the scalloped price path must be continuous at the point where .
one deposit exhausts its reserves and the other begins extraction. In Figure 3.11, the
point of the scallop, T,, does not have any jump in the price upward or downward. To
qualify as an optimal path, it must be the case that price does not jump at the
transition between deposits. Consider what would happen if the price did jump.
Suppose the price jumped up at T,. The operator of deposit 1 would then decrease the

.extraction rate from the deposit immediately before time T, and extract this addi-

tional amount at T,. The increase in the total supply at 7T, causes the price to fall.
Production will continue to shift to 77, until the jump in price is eliminated.
Similarly, if the price jumped down at T, ore from deposit 2 would be shifted to
periods right before T,. This would cause the price to fall prior to T, and rise at T,
again eliminating the jump. As long as the extraction rate can be adjusted from one
period to another, the transition from one deposit to another is smooth — there is no
discontinuity in the price between one instant in time and the next. ' :
Does this multideposit variation of the basic industry model have any real
world applications? Nordhaus (1973) set out a numerical example of a multideposit
model for the world energy market. The common output was a BTU (British thermal
unit) of energy. The different “deposits” were distinct sources of energy — oil, gas,
coal, uranium, and fusion as the backstop technology. The endogenous variables in
his analysis, what the model determined, were the durations of the phases of exploi-
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tation of different energy sources and the price path. He took as given demand, costs,
and “deposit” sizes. A linear programming approach was used to solve for an optimal
extraction program. The analysis revealed that even before the OPEC price hikes of
1973, actual energy prices were slightly above optimal prices. He attributed this
discrepancy to market imperfections, including noncompetitive behavior, and var-
ious forms of government regulation and taxation. Figure 3.11 illustrates the type of

price path derived by Nordhaus.

Setup Costs for the Mine and Industry

Clearing away overburden, building access roads, sinking shafts into the ground and
pipes into the reservoir all represent infrastructure or setup costs—expenses that
must be incurred before extraction commences. How will these setup costs affect the
rate of extraction from the mine? What will happen to the industry extraction path
when deposits have different setup costs? We turn now to these questions.

We first consider the effect of setup costs on the individual deposit. Two ques-
tions will be examined. How much physical capital or infrastructure should be
installed in the mine or well, given that the size of the shaft or the diameter and
pressure in the pipe constrain the flow of resource to the surface and hence the
amount that can be sold? Once the physical capital is in place, what is the optimal
extraction path? How does it differ from the path derived without considering capital
requirements? '

To determine the optimal size of a mine, the mine operator simply maximizes
the difference between the contribution of infrastructure to the present value of
mineral rents and the cost of the infrastructure. Let the capital be denoted by K. Then
for capital of size K, the present value of the profits derived from the mine are R(K).
These profits will be the discounted value of the rent per period (revenues minus
operating costs). If the amount of capital is increased, a larger flow of output, ¢(t),
could be extracted per period and the stock of reserves removed more quickly.- A
larger capital stock, however, increases capital costs, C(K). The mine operator will
then determine the value of K that maximizes '

REK)—CK) (3.13)

_If Equation (3.13) is differentiated with respect to K, the efficient condition for K is
obtained: Rx — Cx= 0. The change in the present value of the mine due to an
incremental unit of K added to the mine (R ) must equal the marginal cost of adding
that unit of capital (Ck). ‘

Now that the optimal K has been chosen, there is a maximum amount of ore (or
oil) that can be removed from the mine or well at any point in time. The capital in

* placeactsasa capacity constraint on the mine. To see the effect of the capital choice

and resulting capacity constraint on the mine’s extraction path, refer to Figure 3.12.13
We show the path of output in (a) for both the constrained mine and a mine that does
not have to install capital before extraction. The unconstrained mine in a Hotelling
industry will extract its maximum output in the initial period, ¢(0), then extract
decreasing amounts each period thereafter until in the last period it produces, output
goes to zero. The unconstrained mine exhausts its reserves at T,
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constant over the time t(0) tqt of the mine’s extraction period, for the capacity-constra?rllietda:;ﬁrzg.n e

In gqnqrgl, the 'mine that must install capital and incur the setup costs will not
choqse an 1}11t1a1 capital stock large enough to extract g(0) because to do so would not
maximize its rents. Why install a shaft large enough to remove q(0) for only bne
penQd, aqd then have excess capacity over the remainder of the extraction period?
C?pltal will be chosgan such that a smaller amount of ore is extracted initially — g ir;
Flgpre 3. 12_. Then the mine owner will produce at this maximum capacity level g fora
period of time. The constant output in turn means that current (not discounted)
resource price and rent (which now includes a shadow value for the capacit
stra‘mic_)I are constant, as shown in Figure 3.12(b). pacty eom

How long will the mine produce at g? The stock constrai i
condmon‘again help us solve this problem. If the mine has ?ﬁ?ﬁgxrai;ﬁi?;ﬁ
constant costs, the owner will maximize profits by physically exhausting the reserves.
At T, the end of the mine, output goes to zero. Typically, as is shown in the uncon:
strameq case, the output does not jump to zero, but declines gradually. The same
occurs in the constrained mine. After time #, output diminishes from i.ts constant
lev/el to h1t_ zero at time T. If the stock of ore is the same in both the constrained and
uncpnstralped‘nl.lrl'e, the only way the terminal condition can be met for the con-
stra;ned mine is if it operates at full capacity over a period of time longer than the
entire extraction ‘period of the unconstrained mine. Thus, f exceeds 7”. The area
up,der the extraction path for both cases must be identical. The unconstra'ined mine
will produce more than the constrained one over the interval #(0) to ¢/, less thereafter
?I?td ,ex]ixa%st at 7’. The constrained mine will extract a constant ar;munt over the’
i ceerev(ail ;g . ) to , then extract decreasing amounts until it exhausts at 7, where Tmust

Novy suppose diﬁ"eren't large deposits have different setup or capital costs. Each
c!eposn will have a capital cost, C{(K ), which we assume is incurred prior to ex;.)loita-
tion of t‘he ore. We now treat C(K) as exogenous and independent of the stock size or
extrqctzon costs. This is reasonable if we are thinking of building roads, but less so for |
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From a social welfare standpoint, it is irrelevant which deposit is exploited first.
However, in the firms’ optimal plans, the discounted rent net of setup costs will be
different for deposits entering at different times in the extraction sequence. The first
deposit will get less rent than the second, the second less than the third, and so on,
because early producers “pay” a higher setup cost in present value terms. The setup
costs cannot be fully offset by higher initial prices when all firms must bear the costs.

" Inadecentralized market, deposit owners will prefer to go at the end of the sequence,

and there is no market mechanism to decide which deposit goes into which slot in the
sequence. '’

The reason for the breakdown of the market mechanism in the presence of
setup costs is that these costs represent a form of increasing returns. The larger the
deposit over which the setup costs can be spread (or the longer the time period over
which they can be spread), the higher the rents to the mine owner. Small setup costs or
slight increasing returns to scale cause less déviation from the familiar paths than
large setup costs. Any form of increasing returns to scale leads to malfunctioning of
the market as a mechanism for allocating productive resources optimally. The mal-
function shows up in an unusual manner in the nonrenewable resource case.

One final point: Throughout this chapter, we have identified a mineral deposit
with a mine owner or operator. This is convenient in the case of setup costs because it
implies that a single coordinator incurs the costs. In a situation of many owners of
small claims on a single deposit, it is difficult to see how the sharing of setup costs
would be arranged. Also, for deposits with single owners, the individual last in a
sequence will be induced to price as a monopolist, since all competitors will have
exhausted their stocks. This again breaks down the socially optimal path. We turn to
monopoly in the next chapter. .

1. Nonrenewable resources differ from reproducible goods because they have
a fixed stock of reserves that, once removed, cannot be replaced. A unit of
ore removed today means that less in total is available for extraction to-
morrow. ‘ :

2. The economic theory of extraction explains the flow of production over
time and how quickly the resource stock is exhausted.

- 3. The finite stock of a nonrenewable resource alters the condition for effi-
cient production: Marginal revenue (MR) equals marginal cost (MC) in
three ways: (a) MR = MC + resource rent; (b) the present value of resource
rent must be constant for each period the mine operates; (c) the total
amount of the resource extracted over time cannot exceed the total stock of
reserves. Conditions (a) and (b) yield the flow condition, while (c) is the
stock constraint.

4. Extraction from a mine facing a constant price, a positive discount rate,
and extraction costs that do not increase as the stock of ore is depleted.
decreases in each period the ore is removed. This is physical depletion.

S. For a many-period model, the terminal condition, marginal rent equals
average rent, determines the time horizon over which the mine operates.

6. Different ore qualities within the mine require the price of the mineral to
rise over time for extraction to occur. If price does not rise sufficiently, the
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mine will cease operating before the reserves are exhausted. This is eco-

nomic depletion. ‘ :
7. Extraction from a mineral industry facing a negatively sloped demand
curve and constant costs of extraction will be socially optimal if the flow
condition -and stock constraint are satisfied. Resource rent per unit ex-
tracted will then rise continuously at the rate of interest. This is known as

e

Hotelling’s rule, and it is met if all mine operators have perfect foresight,
with industry output declining over time. '

8. A nonrenewable resource with a backstop technology will be extracted
until the price of the resource reaches the choke price, that price at which
the backstop becomes profitable to produce.

9. The following comparative static results were derived: (a) an increase in

extraction costs tilts production to the future and increases the time to
depletion of an ore body; (b) an increase in the interest rate tilts production
to the present and reduces the time to depletion of an ore body; (c) taxes on

mineral rent do not alter the extraction path of an existing mine or well, but.

they will affect the incentive to find new deposits; (d) a royalty on mineral
production tilts production to the future and increasés the time to
depletion.
10. Low-cost deposits will be exploited before high-cost deposits, leading to a
scalloped but continuous price path. o :
11. Setup costs within the mine can lead to periods of constant rates of extrac-
tion and constant prices. 4
12. Setup. costs for the industry can lead

optimal price path.

to jumps (discontinuities) in the

DISCUSSION QUESTIONS

1. Ifthe interest (discount) rate is zero, what is the value of resource rent over the extraction

profile of the mine?

2. Using Gray’s model, derive for a tw
assuming: : v
a. Extraction costs (average and marginal costs) are linear and upward sloping.

b. The market price of the mineral rises; the market price falls.
3. Suppose a mine has two different ore qualities in its stock of reserves. Call them block A
and block B. How would the mine owner efficiently extract the total stock if the costs of
extraction are constant per unit within each block, but differ between blocks? Use the

Gray model.
4. In the basic Hotelling model of the industry, extraction cost per ton was constant. In order
to reflect, say, diminishing returns to the extraction facilities in the industry, let cost per
ton rise with the amount extracted in a period in the industry (as in the simple L. C. Gray
model of the mine). Compare two programs of quantities extracted: one with constant
costs and one with extraction cost per ton rising linearly with quantity extracted in a

period.
5. Explain and show

o-period case the extraction path of a mine’s output

diagrammatically thata price path which does not reach the choke price
in the basic industry model is nonoptimal and will not occur under perfect foresight.

6. In the basic Hotelling model of the industry, with constant unit extraction costs and a
negatively sloped industry demand curve, technological progress in extraction can be
approximated by a decline in the value of the constant extraction costs period by period.
Outline how the program of quantities extracted with a 2 percent declinein unit extraction

NOTES
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countries considered implementing gasoline rationing to deal with the “oil crisis.” But the
world has not yet run out of a nonrenewable resource, and some scientists argue that we never
will: “We will never physically “run out” of a mineral, because the sheer limits of the amount
in place in the ground are far beyond the likely economic limits of its utilization” (Zwarten-
dyk, 1972, pp. 8-9).

But even if we don’t worry about ultimate exhaustion, measures of resource stocks are
_important for private and public decision-making. There are no absolute or unique measures
“of resource stocks. Economists differ from geologists, who differ from mining engineers in

their calculations. Part of the reason for this is that people use different terminology. Are
proved reserves the same as measured, probable the same as indicated? But even if the termi-
nology could be standardized, the basic problem is that a mineral stock is not a well-defined or
even a meaningful concept. To see the problems, consider two extreme views of what consti-
tutes the stock of a mineral. - ‘ :

For the narrowest definition, the known stock of a mineral is that which can be profit-
ably extracted given current technology, extraction eosts, prices, and political factors. Oncea
deposit is found, test holes are drilled into the rock formations and then, by a variety of
techniques, the deposit is delineated. Caleulations of total reserves within the deposit are made
based on these sample drill holes. The ore that is counted in the calculation is that which at the
time the calculation is made is believed to be economically viable— that is, profitable to
extract over the foreseeable future.

The difficulties with this technique are fairly obvious. A sample can give a very biased

' picture of the total. There are many examples of mines started up on the basis of reserve

estimates that were not representative of the deposit. Sometimes this is good news—more is
there than anticipated — but often the opposite is true: The vein disappears, the ore grades tail
off too rapidly to permit extraction, and so on.

Another difficulty is that geologists and engineers do not have perfect foresight about
mineral prices, costs, and technology, all of which determine whether a deposit is viable or not.
World gold reserves are very small when viewed from a gold price of $35 per ounce, but much
less so at $500 per ounce. The only certain measure of what a deposit contains is made after all
the ore is removed and the mine shuts down. And even here there are difficulties because
depletion may result from economic forces (which are not constant), not physical exhaustion.

Finally, what is counted as reserves in one country may not be in another. A 400-mil-
lion-ton porphyry copper deposit in Canada with an average grade of 0.25 percent copper can .
be counted as a viable reserve. The same deposit would not be counted as part of Chile’s copper
reserves unless its ore grade was at least twice as much. Does Chile therefore have fewer copper
reserves than Canada? - :

We have been discussing known deposits in the narrow definition of stocks. A very
important source of the growth in mineral reserve estimates over the past fifty years has been
the discovery of new deposits. Although geologists may have a notion that additional deposits
should exist, they still have to be found if a reasonable estimate of the mineral stock is to be
made.

Suppose we want to know the maximum potential stock of a mineral. We go then to the
opposite extreme —the resource base. This is what geologists call the concentration of min-
erals in the earth. It is a purely geologic concept, without regard to technological feasibility or
economic viability. As Brooks (1976, p. 148) explains: “Measurements of the resource base are
stable, for neither individual discoveries nor depletion changes the volume significantly.”
However, there are difficulties even with this concept. It is fairly useful for fluids such as

- petroleum, because they are distinct from the rocks that surround them and are found only to

some maximum depth in the earth. But for many metallic minerals, the resource base is not so
easy to define. Metals in minute concentrations are in a large part of the earth and to an
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unknown depth. At what point do we stop counting? A number of cutoff points have been
suggested, but no system has been agreed upon.

Alternative measures are to count minerals that can be extracted without crossing an
“energy barrier.” This implies that minerals will be counted as long as their extraction or
separation from surrounding material does not use up large amounts of energy (where “large”
is not defined). The appeal of the resource base is that it is a physical measure of the maximum
stock of any mineral. The difficulty with the resource base as a measure of mineral stocks is
that it does not indicate whether these potential supplies will ever become actual. Supply is
«actualized” only when with given geological knowledge and information about extraction
techniques, there is “willingness to pay” for the mineral.

An economic measure of a mineral stock lies between the narrow definition of reserve
estimates based on drill hole samples and the broad measure of the resource base. The econo-
mist is concerned about not only which deposits are feasible today, but given that technology,
costs, and prices are rarely constant over time, how much of the resource base will become
viable reserves over time. The economist tries to draw a supply picture that incorporates effects
of new discoveries, exhaustion of old deposits, and changes in prices, costs, and technologies,
using statistical techniques when possible to determine supply elasticities, shifts in supply
curves, and so on. The crucial thing to the economist is that the stock of reserves will change
over time. Some reserves will come from the unanticipated discovery of new deposits; some
will come from the movement of previously UNEecONOMIC Tesources into economic reserves
due to unanticipated increases in prices, decreases in costs, and technological change.

An economic definition of reserves is illustrated in Figure 3.14. On the vertical axis, we
have the expected discounted value of mineral rents (price minus unit cost). This is a slightly
broader measure of mineral rents than contained in the chapter becauseitisan expected value.
1t takes into account the probability of discovering new ore bodies (which will affect the costs),
the likely path of prices over time, technological change, and so on. Every ton of ore or unit of
oil that can be extracted and earn a nonnegative rent will be counted as a reserve, whether it has
been discovered or not. Due to differences in ore grade, there will be relatively few units of a
mineral that generate high rents. Ores of lower grade (higher costs) will yield lower rents. Thus
the relationship between discounted rents and mineral reserves is likely to be downward-slop-
ing (it need not be smooth as shown, but may have wiggles or bumps). What then is the mineral
stock?

The point at which this negatively sloped curve crosses the quantity axis will determine
the stock of reserves. That is, where the present value of rents equals zero, the marginal ton that
can be extracted is defined. Will this be a fixed stock forever? The answer depends on how good
our expectations are. If we do have perfect foresight about prices, technologies, discoveries,
and so on, there will be a unique relationship between rent and reserves. ‘What is more likely is
that we will be surprised—either pleasantly, in which case the reserve line shifts out and
aggregate reserves rise, or unfortunately, when anticipated cost savings, discoveries, or price
movements do not materialize and the curve shifts in. We expect that the reserve estimate will
not be a fixed stock, but will change over time and is thus more appropriately called a flow.
Figure 3.14 illustrates one hypothetical reserve estimate. (These uncertainties are examined in
more detail in Chapter 5.)

Soisthere a unique measure of the stock of each mineral? In physical terms, ““yes,” ifone
is willing to specify some lower bound of concentration in the earth. In practical terms and for
policy analysis, we are really more concerned with the supply of the resource potentially
available for extraction. Although this supply can be fixed at points in time and extraction
decisions based on a stock constraint, it is really not a stock at all, but the flow over time of
resources into reserves. And as a geologist has argued: “As long as this flow can be maintained

in a workable fashion, we need not worry about the absolute magnitude of the shelf inventory” -

(AZwartendyk, 1972, p. 11).
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Figure 3.14 Mineral reserves as a stock and flow.
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Figure 3.15 . Marginal cost, prices, and mineral rent over time when marginal
cost depends onthe rate of technical change and ore grade. Prices initially fall
because the rate of technological change offsets ore grade decline and MC

falls. Eventually technological change can no longer offset cost increases due.
to falling ore grades, and the price path slopes up. Rents over time, R(t), are
" everywhere increasing to satisfy Hotelling’s rule. -

Slade modifies a Hotelling-type model toincorporate these assumptions about ore grade
and technological advances. The model yields price, rent, and cost curves over time as shown
in Figure 3.15. The path illustrated in Figure 3.15isa stylized representation of three different
regions of the price path. Over the period #(0) to (1), prices are falling because the rate of
technological change determines the rate of decline in ore grade. Marginal (and average) .
extraction costs fall. From 1(1) to #(2), prices are stable because the two cost terms cancel one
another. After #(2), the rate of technological change is no longer high enough to offset the ore
grade decline and the marginal cost curve increases, leading a rising price path. Notice that the
mineral rent in current dollars is always increasing, so that Hotelling’s rule (the flow condition)
is met. . :
The model is then “tested” against actual prices of 12 mineral commodities for the
period 1870 (or since the year of earliest available data for some minerals) to approximately
1978. Two price equations are estimated for each mineral—one where the price is a simple
linear function of time, the other where price is 2 quadratic function of time. If the cost effects
described above are a good description of mineral extraction over time, the quadratic function
should fit the time series of prices better than the linear function. The linear function does not

allow for changes in costs over time and therefore would be inconsistent with the cost assump-

tion made in the theoretical model. Slade found that no discernible trend could be seen with
the linear function. For some minerals, prices rose over time; in others, they fell; and in some,
price was virtually constant. In the quadratic case, however, for all 12 commodities examined,
the linear term was negative while the quadratic term was positive. These time coefficients
were highly significant statistically for virtually every commodity. The mineral price paths do
appear to be U-shaped as predicted by the model. The quadratic function is thus a better
general description of the data than the linear function. :
More specifically, Slade found that for every mineral, price had passed the minimum
point on the U-shaped curve by 1978. There were differences among the minerals in the extent
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of the U shape and point in time when the price began to rise, which Slade attributes to the
specific characteristics of each commodity. For copper, iron, nickel, silver and natural gas, a
pronounced U-shaped price path was estimated. The path for natural gas is illustrated in
Figure 3.16. There are three other variations. In the case of aluminum, shown in Figure 3.17,
the price path is generally falling over most of the period examined. Slade attributes this to high
growth rates in aluminum consumption, combined with technological advances and econo-

". mies of scale. Lead and zinc, on the other hand, are metals with relatively stable demand over

time and technological changes that have just offset ore grade declines. Given this information,
their predicted price paths would be relatively constant, and as seen in Figure 3.18, the
quadratic function fitted to lead shows very little curvature (zinc is similar). T in, a metal that
has been in use for centuries, is characterized by steadily declining consumption rates and a
substantial decline in ore grade. It is not suitable for froth flotation and thus has been unable to
benefit from that technological change. As Figure 3.19 shows, its price path, while still havinga
small curvature, is basically upward-sloping,

The analysis shows that the theoretical modél which predicts U-shaped price paths fits
the mineral data very well. When detailéd information is available about the resource’s con-
sumption patterns, ore grade decline, and ability to incorporate technological changesinto the
mining processes, the empirical analysis will show more precisely how the general model
adapts to fit these cases. The model is simple and obviously does not capture all real-world
complexities. However, when “tested” against real-world observations, it performs well and
shows the value of using a theoretical model to help determine empirical relationships.



	HartwickOlewiler1986TOC.pdf
	DOC101711a.pdf
	DOC101711b.pdf

	HartwickOlewiler1986.pdf

